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The following ia aa amplificatioQ a.ad ex- < 
planatioii of Professor Baakine'a chapton 
on this subject. 

Perhaps the clearest way of developing 
the " Theoiy of Archea " ia to begin with 
th9 oonsideratioa of the forces whioh act 
upoa a auapended chain or cord. The 
force in the chain or cord ia juat the oppo- 
site of that upon an aroh — that ia, it ia ten- 
non instead of compression, but the rela- 
tions between the "extemEil" and "inter- 
nal" forcea. or what ia the aame, between 
the loads and the resistances thej produce, 
are atrictl; aualogoua. 

Let A B (Fig. 1) ba a cord auapended 
at C and B and loaded in any manner over 
ita whole length. Consider the forcea aot- 
iag on thia cord. Suppose it attached to 



a hook at B and to another at C. A cord 
without sti&ess cannot exert a pull except 
in the direction of its length : therefore the 
"pulls" in the rope at andB, and exerted 
at these points on the suspending hooks, 
must be in the direction of the tangents at 
those points. The load is* supposed to be 

Fig. 1. 




distributed over the cord, but we may find 
its resultant. Let P be this resultant and 
P F its directioii. The tJwee forces, viz. : 
the pulls at and B, and the resultant of 



tha load,P, are all in the same vertical 
plane ; they are the oilIj forces aoting oa 
the cord ; aad as they are in equilibrium, 
the directions of these three fiyrces must 
meetin cate point, and the forces themaelvea 
munt be proportional to the three sides of a 
triangle drawn parallel to their directiom. 
O N F (Fig. 1) U such a triangle. The 
known direcCions of the pulls at B aad 0, 
and of P, g;ive us the angles iu this tri- 
angle ; and if we know also the mt^nitude 
of the load P, represented by the line F, 
we can determine chat of tha puUa at B and 
C. For 

CPiiIUtB=aN) :GF : :aiuGFN : MnQMP. 
(PuUatC=.NF) .GF : : sinNQF : BinONF. 

The analysis we have made for the whole 
cord may be applied to any part of it. 
Thua, if we consider any arc B' A' (Fig. 2) 
of the cord, and the load on that arc, we 
have three forces in the .same plane ia equi- 
librium. For at A' and B' the other parta 
of the cord may be replaced by two hooks, 
and the pulls on these hooks, eserted by 
Qie cord at A' and B', will be, as before, in 
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the direction of the tangents at those points. 
The resultant P' of the load on A' B' must 
pass through the point of intersection of the 
tangents, and if the direction of that i^e- 
sultant be as indicated in the figure, then 
G' N' F will be the triangle of forces. 




The principles above explained enable U8 
to calculate the *^ pulls " at all points of a 
loaded chain or cord, and consequently to 
fix its size and strength to bear a given 
load ; or to determine the amount^ distribu- 
t/iony and direction of the load necessary to 
produce assumed " pulls "in a cord of a 
given shape. 

Thus suppose in the half of the loaded cord 
of (Fig. 1) we draw the tangents at A and 
B (as is done in Fig. 3), the resultant of 



the load P micst pass through F, the point 
pf intersection of the tangents. If the di- 
rection and amount of P be known, lay off 



Fig. 3. 




F G to represent it. Then, as above ex- 
plained, 

N F = pull at A 
and 

N G = pull at B. 

Suppose, on the other- hand, we assiune 
the pulls at A and B to be equal, we lay off 
on the two tangents (Fig. 4), equal lengths, 
rF 8 imd F N, to represent these equal puUs, 
and upon them construct a parallelogram. 
Then F G gives the magnitude and direc- 
tion of the resultant of the load that must 
be put on the cord to produce the given 
pulls. 
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A cord is in equilibrium whea it is 
baUnoed under the load applied. Change 
the distribution of the load and the cord' 

Fig. 4. 




at once changes shape and assumes the 
form necessary to equilibrium under the 
new load. 

Thus, if P (Fig. 5) equals the direction of 
the resultant of the new load on the oord 
from the horizontal point A to the point of 
support B, draw the tangent A F, until it 
meets the direction of the load P, at F ; 
then draw F B. The cord A B will hare 
so changed ito form that F B (Fig. 5) will 
now be the direction of the tangent at B. 



FOEMS OF CORDS UNDER VARIOUS L0AJ)8. 

Let US now investigate tbe various curves 
which a cord will assume under different 
distributions of the load. 

Fig. 5. 




Case I. Suppose the load to be altogether 
vertical^ and to be distributed uniformly 
along the horizontcU, 

Let eqiuU weights be hung, for instance, 
along a cord B (Fig. 6) so that the hori- 
zontal distance between the threads by 
which the weights are suspended shall be 
everywhere equal. Or, draw little elemen- 
tary triangles along the curve, so that the 



w 

^V haset of 
^H equal, ai 

^K weights 
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basei of all theso little tiiangles shall be 
equal, and let the threads holding the 
weights cut the middle of these bases. 
Then each weight may be considered as the 
resultant of the load on the element of the 
curve which constitutes the hypotheunse of 
the little triangle to which it is attached. 
Such a load is vertical and is uniformly 
distributed along the horizontal. 

Fie. 0. 




To determine the curve of the cord- 
tain the resultant of the load between the 
horizontal point A and the point B (Fig. 7)' 
This resultaot, as the little forces are all 
potallel, is equal Co the sum of them, aad 
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it is Tortioal in direction. It will also evi- 
dently bisect A T. Draw it, and from its 
point of intersection with A T, draw the 
line ? By which, as has been shown, must 
be tangent at B. Prolong B F to I, then 
the snbtangent IJ is seen to be bisected at 
the vertex A of the curve. Hence the curve 
C B is Ek parabola. 

Fig. 7. 




The triairgle B F T has its sides parallel 

to the forces acting on the half cord A B ; 

so that if B T be taken to represent P, 

B F = pull at B 
F T = pull at A. 
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Let T = equal tension at any point along the 
cord. 
H = Talue of T at the horizontal point A, 

or the ** horizontal pull" on the cord. 
{ =: inclination of the tangent at any point 
to the horizontaL 

Then, as the arc A F (Fig. 7) may stand 
for any part of the curve counting &rom 
the horizontal point A towards one of the 
points of suspension, we have the following 
general equations from the triangle B F T: 

T«=P« + H« (1.) 

{p being = the load per unit of horizon- 
tal distance, A the origin of co-ordinates, 
A T = axis of X and A J = axis of y). 

From equations (1) and (2) we can solve 
three problems. 

1. Given the curve, and the load, to find 
TandH. 

2. Given the curve, and T and H, to find 
P. 

3. Given the load, and T and H, to find 
the curve. 
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For a full discussion, ^of this case, see 
Eankine's " Civil Engineering." 

Such a distribution of the load as we have 
discussed in the above case, is approximated 
to in suspension bridges, and 'sometimes in 
wood, iron, or steel arches, but not usually 
in stone or brick ones. 

Fig. 8. 




Case IL Let the load still be vertical^ 
but distributed uniformly along the curve. 

That is, divide the arc CAB (Fig. 8) 
into elements each of a unit in length ; then 
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the load on these elements is constant 
throughout. It is easily seen that such a 
load ia not, as in th*e last case, unifornt 
along the horizontal, for the bases of the 
little triangles of which the hypothenuaes 
are now equal, diminish in extent as we 
go from A towards B or C. A chain of uni- 
form material and cross-section and acted on 
by nothing but its own weight, is in the , 
condition described, and, as is well knowi 
the curve assumed by it is the " 
catenary." 

Let^ = weight of a unit's length of the 
cord, then if p m = horizontal pull on the 
cord at A '= H, m is called the inodulus of 
the catenary, and represents the length of 
cord of the same kind as C B, the weight 
of which would equal the pull at A. The 
weight onAB=P^p s when a = length 
of cord A B. 

Tbe triiingle of forces for any ate A D 
(Fig. 9) cau be found aa before, by drawing 
the tangents at A and D, and the liae rep- 
resenting the force P vertically through 
their intersections. The triangle D F T 
will represent the forces ; D T being ^ P 
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p Sy and F T= H = p m, and D F 
tension at D. Then 

Fig. 9. 



= T 




T* =H«+P* =p* m«+p*s«=p« (s2+7n«) (3.) 



hT pm m ax 



From the differential equation 

dv 



d X 



s 
m 



we obtain the linear equation of the curve. 
In doing so it is most convenient to take the 
origin at a point 0, whose distance below 
the vertex A is = m. The line Q X 



{Pig. 10) is called the directrix of the cate- 
nary. 


The equations of tlie 


atenary are 
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Bince the area A E D = m s, and m 
^= a constant, the area varies as a. Bat 
theloadon the are AD (^^s) also varies a« 
a, since p ia constant. Hence a convenient 
mode of representing the load on any arc, 
AD. Suppose asheet of metal CQTBAO 
(Fig. 10), bounded below by the " directrix," 
Q T, to be suspended from the curve. Let 
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the weight of this metal corresponding to 
m units of its surfeu^e be = p. That is, let 



o 



10 m^Pt or 10 = - -• 




The weight of a strip a unit in breadth 
extending from A to is then = j? := the 
weight of a unit's length Of the cord. Then 
the part of the sheet A D E whose weight 
= «r w 5 = JE> 5, represents the 'welgJcki'S ovi. 



IS 

lb» «n! A D. So A O B T Tepreeeats the 
w«ght on A n,ud CaTB the whole 
might on C A 111. In the horuontnl pull at 
Awe hkve 

ttnA kt kny point I> 

Th« (>Mi»erty nboTe explained may be 
ilhistrntiHi In Another way. 

Fio. 11. 




Conetrncton AB(Fig. l])a 
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triangles with all their basf^s equal. Let 
the weights of the little arcs constituting the 
hjpothenuses of these triangles be repre- 
sented by balls suspended by threads from 
the middle of each little arc. Take the 
length of the thread corresponding to the 
ball at A as s=> m / make the lengths of all 
the threads proportional to the weights of 
the balls hung to them; then the lower 
ends of these lines will all be on the diVec- 
trix X. That is, the intensity of the load 
on a catenary along the horizontal line 
(= weight on a unit of horizontal distance) 
yaries as the ordinates qf the catenary, 
when those ordinates are measured from 
the directrix. 

It makes no difference in the form of the 
curve AB (Fig. 11), to increase or diminish 
the weights provided the proportion among 
them is preserved. Thus we may assume 
the cord and the sheet C Q T B (Fig 10), to 
be of a different material in which a unit's 
length of the cord shall in weight = p\ and 
the weight of the sheet per unit of surface 
shall = w\ and A B will be unchanged. 
Note, however, that we cannot change the 



I 



I 



so 

depth A O of the sheet (Tig. li>>, nor iIm; 
Ua^otthB liaea(Fig. liy, witfaont chan^ 
iitg tte dure, for if the lines ended in 0' X' 
for instsnce, instead of O X, dico — -=- 

wvxUd not be equal to ^_ 

Hence, the modaitu (rn ^ A O) fixes the 
catenary, or if we aaanme the catenary, this 
determines the modulus. Thus if "we aa- 
snme three points, B, A, C(Fig. 10), on the 
catenary the distance A is thereby deiar- 
loined; and if we assume AO and the 
point A W! cannet generaliv assume B and 
C. 

This often interferes with the uso of the 
"(ommon catenary " in the building of 
arches [in which case the curve is inverted, 
the metal sheet A T J> is replaced by a 
wall of uniform material, and the tension 
on its cord, C B (Fig. 10), is replaced by a 
thrust along CAB (Fig, l:i)]. For we are 
oiten compelled to make the curve pass 
through three points, while yet the value of 
A ia fised. 

But tbia difficulty may be obviated by the 
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use of the transformed ccUenary, which we 
will now discuss. 




Case IIL By the principle of Parallel 
Projections^ if any cord or arched rib is 
balanced under a system of forces which 
are represented in the figure by lines, and 
a parallel projection be made of the curve 
of the cord or rib and of the lines represent- 
ing the forces, then the new curve will rep- 
resent a cord or rib that will be balanced 
under the forces represented by the new 
lines. 
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Kagine a oylindrioal BUrfaee cons true te< 
upon C a T B A C (Fig. 10) as a base. Td 
eimplify matters, suppose the elementi 
the cylinder to be perpendicular to tba; 
plane of the base. Cut this cj-linder by a. 
plane inclined to the base, and 'we shall 
' Transformed Catenary," and the 
«hape of the sheet of metal under which it 
■will be balanced; for the new curve and 
surface cut out by the inclined plane are the 
parallel projections of the curve A B a 
the surfaoe Q T B A (Fig. 10). I 
this inclined plane be so placed that it shall 
intersect the plane of the base in 
straight line B (Fig. 10) or in one paral- 
lel to it. Then all horizontal hues (oi 
those parallel to C B or Q T) will be un- 
changed in length in the parallel projection, 
while all vertical lines (those parallel to 
A 0, etc.) will be lengthened in a constant 
ratio whose magnitude will depend upon the 
inclination of the cutting plane. Make a 
vertical section of thecylinder on the hneOT. 
Then if the cutting plane passes though 
C B we get the triangle GUY (Fig. I3a) 
cut out of the wedge to which the cylinder 
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reduces in this case. In the triangle, U V 
is the ordinate of the vertex of the trans- 
formed catenary corresponding to A in 

Fig 13 ia). 




the common catenary, and all lines parallel 
to U Y are evidently increased over the 
corresponding ones of which they are the 
parallel projections, in the same ratio that 
U V exceeds A. Laid down in the same 
plane the two curves are CAB and C A' B' 
(Fig. 13 h). 

It is easy to pass from a given catenary 
to a transformed catenary whose ordinates 
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flhall be shorter instead of longer than 
those of the given curve, by erecting an ob- 
lique cylinder on the given catenary and 
surface C Q T B, and cutting it by a plane 

Fig. 13 (6). 




R r ff r 

less oblique than the base. So too, the hori- 
zontal dimensions can be changed instead 



of tha Tertical, by making tbe cutting plane 
meet the baae in a line parallel tu Y, 
inateod of in one parallel to Q T. 

The equations of tha curve C A' B' (Fig;. 
13 6,) are thua obtained. The abscissas are 
the Bame aa tfaoae in C A B, but the ordi- 
■ natea are changed, so that (if y' = general 
B^oidinate of C A' B' and y^ ^ A' 0, the 
^■ordinate at the vertex A') 
^k y: y. : A'O : AO ; : jo : m. 

^* Tn the equations of the common catenary 
substitute i/' fur y and we have the equa- 
tions of C A' B'. 
Prom equation (Gj 



-;n ■y--Ti 



r+E^ 



So equation (7) becomes 



n hy. log. 



= i 



I Jo \ y„' I 

I Bo equation (8) or area A' E 1)'. 
I etc., etc., etc. 
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The " triangle of forces" FED (Fig. 13 b), 
for any arc A D of the catenary, becomes 
FED' for the arc A' B' of the transformed 
catenary — that is, since the horizontal lines 
and forces are unchanged. 

Tension at vertex A' = H' = H = turn* 16.) 

Load on A' D' is increased in ratio of 
A to A orof D' E to D E. 

(D' E represents this load.) 
Then tension at D' is 

T' = y'p/a-j-H' (18.) 

and 

Tar. ,• ^ y VO S JL iLl 

^^'''"-rtS==7^lE'» -E-»»; (19.) 

In this curve we can assume the direc- 
trix Q T, the distance A' (= yo) and al[|i> 
the points B' and C. These quantities as- 
sumed, we determine m (the modulus of 
the corresponding common catenary^ from, 
equation (14), and then by equation (13) 
find points of the transformed catenary. 

From equations (18) and (19) we -can 
solve three problems similar to those given 
imder the head of Case I. 
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Case IV. So far we have discussed 
the forms of cords under loads parallel and 
altogether vertical. Let us take up the 
cases of loads varying in direction. 

Suppose (as Case IV.) that the load be 

uniform and normal at every point to the 

cord. Such a load is represented . in (Fig. 

14), the load on each element d 8 oi the 

curve being constant and perpendicular to 

it. 

Fig. 14. 




It is first to be noted that the pull or ten- 
sion on a cord under any load which is 
everywhere normal to it, must be constant. 
That is, the pull along the cord at A and 
B, and at all other points, is one and the 
§ame. That the tension at B in the cases 
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preyiously discussed is greater than at A, 
is due to the fact that the elements of the 
load hetween A and B have in those cases 
tangential components, which go to change 
the value of the pull along the cord. But 
in the present case, the load heing every ' 
where normal, there are no such tangential 
components, and therefore the " pull " does 
not change. 

Fig. 15. 




^'" 



.,'f > - 



',*' 



Take any two adjoining elements of the 



KW rd d a (= D E, Fig. 15) aiid d s' (= E F, 
^'jHg. 15), each of auoh lengtli aa to corres- 
pond to equal elements of ttie load. The 
little loads on these lines we will represont 
by }} d a, and p' d s\ Note, that unleaa 
the load ba uniform all around the cord, 
(is will not bo equal to Js'. Tbe equal 
loads ji? (? a aud p d a' being normal res- 
pectively to D E atid E F, their resultant 
which liea in the direction K (Fig. 15) 
bisects the angle between p d a aud 2>' d a', 
and alao the angle D E F between d s and 
d a', which last is the angle between the di- 
rection of the pulls T and T' on the cord at 
D F. Hence the parallelogram of forces 
(aa shown at E) will be a rhombus, or 
NE = T = RG = T' 

Again, take three elements, D E, E F, 
F H (Fig. 16), of the cord, each bearing the 
normal load p <l s ^ p d a = p d 3. la 
place of the little arcs, ne use for clearneas 
the chords of those aru;!. 8ince the load 
around the whole curva CAB (Fig. 14) is 
supposed to be uniform, the arcs bearing 
the equal elements {pds) of that load must 
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al§o be equal, orDE=EF = FH. 
have above proved T = T'. Hence th 
three aides D E, E P, and F H will arrang 
themeelvee Bymmetrically as in (Fig 16] 
Fro. 16. 




Now, every other piece of the oord o 
ing three elements will assume exactly t 
same slope as DH, einee each such piec 
must equal D H in length and must 1 
acted on by an equal and precisely simllai 
Bystem of forces. Consequently, the littl 
chords D £, etc., must constitute a ri 
polygon, and the curve in which they i 
inscribed mnst be coiinCanl in curvatonj 
in other words — a circle. 

Therefore the curve of the cord A I 
(Fig, 14) is the arc of a circle. 
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w the taogente at the estxemities A and 
D. From the intersection, F, of these, lay 
off F N ^ F S, to repreeeut the equal pulls 
at A and D, Then the diagonal F G=the 
reault&nt of the load, and the triangle 
.f N or F S O Tepreseute the forces acting 
in AD. 

often easier to deal with a uniform 
normal load by reBolving it into its vertical 
and horizontal componentB. The load on 
an element DE = <&of the quadrant A B 
{Fig. 18) ib'=pds. The horizontal com- 
ponent of this XosA^pils Bin. e, where 9 
= the angle made by the direction of pda 
with the vertical (or what is the same, the 
angle made by the tangent of ds with the 
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horizontal). The vertical component =pd8 
COS. 6' Oonsider the horizontal component 
{pds sin. 6) with reference to the vertical 
space over which it is distributed. This 



Fio. 18. 




space is EK (Fig. lS)=ds &m% 6. Hence 
the intensity/ of the horizontal component 

pdsmnd 

So the vertical component {pds cos 0) is 
distributed over a horizontal space =» D K 
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«= <? « cos e, and therefore ^its mtensity is 

pd 8 cos 6 

d S COB ^ ^* 

Bnt jt> ==the intensity of the normal force. 
Hence the original normal force at each 
point is equivalent to a horizontal and a 
vertical force, at that point, of equal inten- 
sity. 

If we then construct little triangles on 
the curve AB (Fig. 19) such that their 

Fio. 19. 



- yj- 111. . 




vertical sides shall be constant in length. 
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Gidea i^^H 
«taut lenstli. 



ithe horizontal forcea < 

represented by lines of constant length. 
Transfer these forces in their lines of direc- 
tion to A Y. A Y i& the sum of all the ve 
tical sides of the little triangles, and as tl 
horizontal intensity ia constant and equal 
p, we have (if c^radina of the cirole) 
^AY)=-;)7-=total homontal force on 
rant A B. 

Similariy, if we draw a set of trianglec 
on A B with all their hoi'izmital eidea of thft 
same length, we may see that the total Ter- 
tical force on A B ia 

= p.(YB)=p.-. 

Hence, 

1. The resultant of the entire normal 
jbrce on the quadrant A B ia equal to ths 
reaultant of a horizontal and a vertical fbrca 
each of which i3«=jj)'. 

, Therefore in the parallelogram i 
forces for the quadrant (Pig. 20), F 8, 
which represents the pull along the cord at 
B, is the vertical component of P, while 
NF^pulI at A, ia the horizontal coi 
nent of P. Each of these forcea = 
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Therefore the constant pull all along the 
cord ia = pr. 

If we make the pull at the vertical point 
(B) = V, we have 

H=V=T= pr . . (20.) 

In practice a uniform normal force exists 
^n the case of a cylinder filled with steam, 
or in a vertical cylinder filled with liquid. 

Fig. 20. 




Thrust instead of tension along A B exists 
when the normal force pushes inwards, as 
in the tubes of a steam bwler or an empty 
vertical cylinder immersed in water. In. 




9 to archea, this diacuBsion haa 
prinoipal value a,^ introductory to those tl 
follow. 

Case V. In this eaae we obtain 1 
curve and forces by parallel projection 
from the circle. 

If we suppose a cylinder erected upo 
ihe circle (Fig. 21) aa a base and cut it by 
an inclined plane whose line of interaectioa 
with the plane of the base ahall be parall^ 
to A I, we will get an ellipse whose vertiool; 
axis A' I' (Fig. 21) will = AI, and whoa? 
horizontal axia C'B'will be greater thaa 
C B. All lines parallel to A I will b 
changed in length, while all parallel to fi 
will be increased in the proportion of C B' to 
C B. Now, by the principle of parallel pro-- 
jections, the ellipse, which is the parallel 
projection of the circle, will be balanced 
under the forces which are the parallel p 
jections of those under which the circle i 



As we have seen, the circle is the 
assumed by the ring under a uniform hori- 
zontal and vertical force at each point of th» 
same kind, and equal in intensity ; for aucit 



I 



a syDtem of forces is equiyalent to a co: 
Btant normal force aroiind the curve. Fi 
convenience, these foreea are represented 
Fig. (21) along the two diameters, ew 
little line representing the force on a ui 
of distance. The pull around the ring ia 
course tangential to it, and ia everywhe 
the same { ^ pr). This pull ia represent! 
at A and B by the arrows there. 

In the ellipse, the verlicfil lines being un 
clianged, the total vertical force on tb 
elliptic ring ( = the sum of all the litt 
vertical lines) is the same as it was in tl 
circle, and if we call the vertical force on 
quadrant V {^ B M) for the circU and '' 
(=:B' M') for the ellipse, we will have 

V = V' . . . (21.^ 

Notice, however, that in the ellipse th 
force V is distributed over the distant 
0' B' and not over a distance = O B. Hew 
tho intcnait>/ of the force V, or the amoui 
of that force on each unit of distance, is n( 
the same as in the circle. In the ellipc 
(Fig. 21) each little vertical line represent 
therefore, the force on a distance great* 




B unit. Let 0' B' = c B. Then to 

1 the intensity of V, divide it by the 
ovei which it is diatributed. Thus, let 



represent the Tertical and horizontal intena- 
itiea in the circle. We have alieadj eeen 
that in the circle 

^P, =p, = p. 
Let p', and p', represent the vertical and 
lizonCal intensities in the eUipse. Then 



P'. =7 



(22.) 



The lines representing the "puIU" at B 
and C (as B N) are also unchanged. Hence 
the pulls at those points in the elhptic ring 
are the same aa in the circular ; that ia 
thej are equal to V = T. 

Tlie horUoiU'il lines are all increased in 
length in the ratio I : c. Hence the sum of 
the lines repreaenting the horizontal force 
on a quadrant of the ellipse (as I' 8') ia 
greater than the corresponding line (1 8] in 
the circle in the above ratio. Therefore if 




H'=ithe horizontal foFce oq tl?9 elliptical 
quadrant, 



H = 



(23.) 



The lengtli over which this force H' is 
distributed (A'O') doBs not change, how- 
ever, and heace the little horizontal hnee in 
both figures represent the force on a unit of 
distance. Hence the intensity of the hori- 
zontal force in the ellipse has increased just 
KB the length of the lines, or from the equa- 
tion 

The horizontal pull in the ring at A' or I' 
being equal to the horizontal force on a 
quadrant is 

H' = r.H=c.V =c.V' . (25.>| 

Hence the " pull " around the ellipee is I 
not constant as it was in the circle, Th^-f 
pulla at B' and A' are as 

v ; E' : : 1; c. 
But 

A' I' : c B' : : 1 : e. 

Therefore, 

1. The pulls in an elliptical ring are a 
the axes to which they are paralleL 



Again th« intoiuitiM in the ellipw an 
p'.-.p::: S^-.cp.-. : ^ =«;;i:^ 
And 

(A' I')' : iC' B'>' ; : I : (■ 
Therefore, 

2. The iiitenaitiet of the fone* ta •■ 
ellipse are aa the «^uar«« of the ucm to 
which they are parallel. 

»Fn>in this proportioii we hare 
c.J^. . . . m., 

It will be noted io the elliptic ring that 
the resultant of the little horizontal and 
vertical loads at any point U not nnrmal to 
the curve except at the extremitiM of th« 

Let UB determine the pulb mod tha »la- 
tions between the forcee at other poiiita \i*- 
eides the extremiues of the v«rii(»l and 
horizontal axes of the ellipM. 

In the circle (Fig. 22} if w« rowitva tli* 
i along any two rectantptlar sMf mm 
1,1, and C, B„ we shall hav* erUUntlj' th« 
Bame relations between tlunn na wlutfi !•■ 
solved along a vertical and boHsoutal aii*. 
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Fig. 22. 





I 



Now the three parallel lines, viz., the diam- 
eter. A, I,, and thetangentaatC,aiidB„ are 
projected in the ellipse into three parallel 
lines, viz. : A',, I',, and the tangents at C'l 
andB'i, Similarly C,, E,, and the tangents 
at A, and I, continue parallel in the ellipse. 
Hence rectangular diameters of the circle 
become conjugate in the elhpse. The lines 
representing the forces perpendicular to 
C, B*, in the circle become parallel to 0' I'l in 
the ellipse, and are changed in length just 
as 0' I'l is changed from I,. So the forces 
■which are parallel to C, in the circle be- 
come parallel to C, O' in the ellipse, and 
▼ary as C, O' does from C, 0. 

Let 0' !',= »■' and OC', = r" and let the 
total force parallel to 0' I', on a quadrant 
(snohas C'll', or I'.B'i) of theellipeebe^ 
V, and that parallel to O' B,' be=H,. Thea 
if r = radius of the circle, we have (since 
the force on a quadrant of the circle as C, I, 
i8 = H = V = T) 

H:H, : : r:r" .'.H.^^ 
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Hi is equal to the pull along the ring at A'l 
or I\, and Vi is that at C'l and B'l. 

"Kence proposition 1 may be applied gen- 
erally to all conjugate diameters in the 
ellipse ; that is, 

3. The total pulls along the ring at the 
extremities of any two conjugate diameters, 
are as the diameters to which they are' psur- 
aUel. 

Again, the intensities being equal to the 
total loads divided by the surfaces oyer 
which they are distributed, let 

p'y — intensity of load parallel to O' I'^, 
1 

p'x ** ** " C, O' 

Then 

' — ^' V rf __ r' 



, _ H, B.r" __ T" 

^ 'i "" O' 1,' = r~7¥' ~^''V 

If/ if'i tft 

# ff/ 

, • • • • • 

r' 



►(28.) 



J 



Hence ioi proposition 2, we may read, 

4, The intensities of a pair of conjugate 
loads are to each other as the squares of the 
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conjugate diameters to which they are res- 
pectively parallel. 

To pass from one set of conjugate forces 
on the ellipse to another ; let 

p'x ftnd p'y be the intensities parallel to one set 
1 1 

of conjugate diameters. 
Hi and Y]^ be total pnUs parallel to same set 

of conjugate diameters, 
r" r' be the conjugate semidiameters. 

Also let 

1 1 

be the corresponding quantities for the oth- 
er set Then 

r" r' 

Also, 

H. = 5:I1' or H = -'''/ 



Similarlj 



r'* r' 






The ellipse (Figs. 21 and 22) is the form 
aeeumed by a cord under a load compoeed 
of horizontal aud vertical components whic h. 
are constant along the horizontal and v 
cal lines, but which differ from each i 
in intensity. 

The diameter C E' of the ellipse (Fig. SS 
might have been made shorter iuHteadil 
longer than that of the circle, if required. I 

Cur.— Li one set of the forces are vert 
and the other not horizontal, but inolij 
at an angle to the horizon (Fig. 23), ■ 
still have an ellipse, the directions of t 
forces giving the directions of two ( 
gate diameters (A', O'and B', 0'). Then, j 
p', = the intensity of the inclined force a 
,\ ^= intensity of the vertical force, we h 
by proposition 4, 



p; -.p; 1 : CB.'O')' ;(A,'0')» 

So from proposition 3, if T, ^=pnll along t 
cord at Bi' or Ci' aad H, ^ that at Ai' 



From the first of these propositions % 
have the ratio of the conjugate diameteq 



and from the second we find the pulls at 
the extremities of those diameterB. 

Knowing two conjugate diameters and 
the angle {00°-j) between them we can read- 
ily obtain the e 




To obtain the pulls at the extreniitioa of 
any diameter, such as C, 'B,. 



' This ia merely passing from one aet (rf 
conjugate diameters to another and equa- 
tion (29) gives the pull at B„ for JnataJto a, 
as " 

' ' 0' A,' 

<0' K being conjugate to Ci 0' B,), eti 
«to. 

An important fa«t is bow to be notft 
"Whenever the load on a cord ia entirely no 
mal to it, at that point the pull along tl 
cord is equal to the intenaity of the normi 
load multiplied by the radius of curvatura 

Tor the cord at that point is similar] 
flituated to a circular cord of the same om 
Tature and under a load of the sama ii 
sity. 

Thus, in the ellipse (Fi;;. 21) the actia 
of the load at the estremities of the axes ij 
entirely normal, for at A' and I' the hori 
zontal oomponent of the load vaniahea a 
leaves only the vertical, which, at ih«a 
points, is noiTiial to the curve. So at K, 
and B' only the horizontal load has valu4 
and its action ia there normal to the cuttS. 

Consider the elementary aic, ds, at A' 



for instance, which is eubjected to this nor- 
mal load. It is balanced under the equal 
pulla T =. T' (Fig. 24) coming from the ad- 
joining parts of the cord, aud the normal 
load ptfe, which gives it its curvature. Im- 
agine a circle under a constant normal 
force of intensity =/>. Take an equal little 
arc d a ot it, loaded with a normal Ioad°- 
pds. Then, if it be act&d on at its two ends 
by tensions = T = T', it ie evident that it 
will have the same curvature as the arc of 
the ellipse ; or, conversely, if it has the same 
£urvalure, the pull around the circle niusl 
be — T=T'. 

Fio. 24. 



Hence, having given the load on the 
curve at any point where it is normal, we 
determine easily the pull along the cord at 
that point. For, in the cii'cle, 



5& 

aad in the ellipee at A' 

Where p = radios of curvature. 

^ r and 0' B' = c r in the ellipse (£%. 

21) we have at A' 



<!H.^(3i 



So in the parabola under uniform v 
oal loads (Case I.) we have seen that H = 
2p m (Eankine's C. E. p. 165). But H = 
p p = 2 p )« (since p = 2 m at the vertoij 

If the load be everyvihere normal to th( 
cord, the above equation will apply tc 
every point, or 

T = pp 
be a general equation of the curve. 

And further, when the load is every- 
where normal we have already seen that 
the pull along the oord must be constant, 
there ie no tangential force to change it 



(31.) 

When the load p is constant, of course, (> 
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must be oonstant too, and we have the cir- 
cle already discussed. When p yaries, (> 
must vary inversely as p. 

Fio. 25. 




Case VI. — ^p increases in value just in 
proportion to the distance of the points of 
the cord above a horizontal line M N (Fig. 






» ^ 



....... 4 ,* ... -. ■ i- -.±1—:.- 7 : X3 : IT 

.vMHti.n: ri. I'lif rtrrf is 
», «'m1ii^ f»! rhf' uTiiir.at<? and 

.:. v^«\:Mlla^. load OH CAB 

■V ..:>.>ii« into its horizontal 
.. «... vtiK As was the case 

^ ^ ^.A )»r "ic each point 
^. K ,a>oi. 4«:hor and also 
.... h 

^ ....I. is.* a;>* *5k^ longer eon- 
X .■*..?:, ^i ilcri^ the curve. 
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If we form the parallelogram of forces i 
any arc A D (as in Fig. 27) the side N F 
F S, since H =« T = a constant, and F 
must represent the resultant of the wh( 
load on A D both in amount and directioi 

The vertical component, F E of F G, 
equal to the vertical component SX 
SF, or 

Vertical load on A D = T sin i =H sin 

At B the vertical load = T = H = 
(since i = 90' there). 

So the horizontal component of the tot 
load on A D is G £, and since 

NF=GS=GE+FX 
we have horizontal load on 

A D = G E = N F-F X = H-H cos i r= 

H (1— cos i), 

At B, i = 90^ .-. 
Horizontal load on A B = H 
On the arc D B 
Horizontal load = H — H (1— cos t) = H cos 

The vertical load on A D may be th' 
expressed 

B. Bin is= I pyd x=uf ydx=w Vo po sin i (35 

•/ 
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The horizontallo&d thms 
H (1— cos i) = ID yo po (1 — cos i) 

wjydy= w, ^ ~^" 
Fig. 27. 



■/. 



pxdy = 



(33.) 




Mm 




And if yi »= ordinate of B, the horizon- 
tal load on A B is 



For formula for radius of cuirature 
Eankiae, C. E., p. 

The equation T ^ H = w j/g p, ^ to y 
10 solve problema similar to ttu 
under the paxabola. 

Case VII. — If we construct a curve fr( 
the last one by using the same ordinal 
and by changing all the abscissas in 1 
ratio ^ : I, so that the new co-ordinates of 
point shall be y and c x, and at the aai 
time change the horizontal forces in \ 
same proportion, leaving the vertical oi 
unchanged; the new curve and i 
of forces so obtained will evidently be p( 
alle! projections of the former, and will 
balanced. This new curve CAB' (Fig. 28 
is the " Geostatic," and bears a relation 
the "Hydrostatic" strictly analogous to tl 
between the ellipse and circle. 



The total Tertical loud on A B' = 
V = pull along eord nt B'. 

Totttl horiKonlal lond on A li' = 
c H = poll along cord at i 



T-_l 
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The intensities are 

For vertical load p'y = q p/ — 

H' 



cOB 
c H 



~" c '. 



For horizontal load|>'aj=Q-T- = q « =c !>« j 



j- (36.) 



Fig. 28. 




tie CUTT^) 



'^nV^. 



/ 
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The load at A and B' and 0' being alto- 
gether normal (it is not bo at the other 
points), let 

g' Q and q\ be the radii of curvature at A 
and B'. 

Then 

In the hydrostatic 

H = py Pq, ,•. cH=H'=cpy Pq, 

Pv 
c 

P'a = C« Pq . • (37.) 

So 

But in the hydrostatic 

' '^' c . . (38.) 

These radii are useful in drawing the 
geostatio curve. 

C(zse YIIL — So far we have discussed 
the curves assumed by cords under loads 
distributed according to some simple 
law. But it is possible to discuss the more 
general problem : Given a load that varies 



and IB diEtributed in any manner, required 
the curve which it will cause the cord to 
take ; or conversely, given a curve, required 
the character and distribution of the load 
to produce it. The moat useful form of the 
problem is that in which we assume tho 



Fig. 2fl. 




^Hftop£ of the cord, and tJie vertical fi/mipa- 
^^M>M of the had, and rcftiire t» l« tonai 
^^Ke inteiuitj and diatribtitton of tb* hofUirH' 
^^a2 eomponenu at tlie load fitmmij (u wtf 
duce equilibnnm. 

lo illustrate; utanM tlw 9tm» to Iw a 
circle, and theverticttl ]imA f/> \m utAUtrtit 
in intenritjr, we mo H mm* tliAt Ui# lt»rl' 



GO 

I zDutal load Bhould be also uniform, and of 
I intensity equal to that of the vertical load, 
But generally: Let GAB (Fig. 29) be 
' some assumed curve, and let the Tertioal 
load be known in amount and distribution. 
Making some changes in the signification of 
I the letters heretofore used, now let 
V = veiticiil loud on any arc A D, 
V, :=vertiiial load ou the Bemi-cord A. B. 
K ^ horizontal load ou an; arc A D. 
H, = " " haif-cord A B. 

Ho — pull along cord at A {the quantity here- 
tofore dano ted by H), 
px andpy ^=the horizontal and vertical inten- 

aitieH ae hftrelofore. 
Pf, = value o{p, at tlie point A. 
pQ and p, = radii of curvature at A and B. 



The vertical load on an are A D ia 

V^ f'p,dx 

Again at the horizontal point A, the 
tical projectiou of the element of the curve 
being ^= zero, the load is entirely vertioal, 
tnd consequently at that point is tioi-tnal ia 
the oniTe. Hence the pull along the cord 
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To discuss the forces upon an arc A D. 
Draw tangents at A and D. They meet at 
F (Fig. 29), through which point the re- 
sultant of the total load on A D must pass. 
The vertical load is also=the vertical com- 
ponent of the pull along the cord at D, for 
these two forces, being the only vertical 
ones connected with A D, must needs bal- 
ance each other. Therefore, 

La/ off F N = Ho. Lay off F E ver- 

ideal and =J py dx. Complete - the rec- 
tangle F E S X. The puU along the 
oord at 

D = F S = F E cosec i = Vcoseo i . . (40) 

Also, 
S £ = F X = V cot i = horizontal componnd of 
pull along the cord at D . . (41) 

But the horizontal pull at A is 

Ho = FN=GS. 
. • . G E = Ho - V cot I = H = resultant of 
horizontal load on A D . (42.) 

The intensity of this horizontal load may 
be expressed thus 



' ( "In) 



dH MVcoti) , .,, ._^ 

^ dy dy dy ^ 



At B tiie Tortical losd ^ Vi. Let il 
be repreaented by B K (Fig. 29). If! 
cord be itself vettieal at that point, B K 
Vi wilt be equal to tt© pull along it at 
If the cord is inclined aa in the figure, drtt 
its tangent at B, and 

B L = B K coBBc i, ^ V, uoaeo i, = pnll ■ 
the cord. 
and 



KL 



Ecot i, =V, cot i, ^horizoaEkc 
ponent of Uiia palL 

— V, ooti, ^ Hi ^= resultant of Bntiral 
zontal load on A B. , 



Fig. 3 



o\ 1 1 .1 I 1 1 1 




It may often happen that S E ^ Y oot 
= horizontal component of the pull aloe 
the oord at D {Fig. 30) is greater than G 



I 



= F N = H, = horizontal poll along Qie 
cord at A. In finch entaea G E >= H.-T 
cot 1 IB negative, which indicates tbat the 
horizontal load between A and D, ht at 
least a part of this distance, most be con- 
trary in direction to that heretofore dis- 
cossed; that it moat exert an inward puB 
instead of an outward one (Fig. 30). If 
this " inward pall " were removed or re- 
placed by an outward one, the curve would 
evidently be jlattened about A. 

We may illustrate geometrically, the re- 
lation between the forces in all parta of 
AB. 

The vertical load and curve being given 
draw F E' (Fig. 32) = the total vertical 
load on A B, and lay off on it 

F E' = vertical load on the ore h. D'. 
FE"= '■ '■ " AD", etc. 

Draw a horizontal line at F and lay off 
FN and F K, each = H, = pull at A. 
Draw through F lines parallel to the tan- 
gents at D' D" D'", etc., and through E' 
£"£'", etc., lines parallel to the horizon. 
,^eQ the oblique lines F 8', F 8", etc., rep- 

lent the pulls along the cord at D' D", 
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etc., while E' S', E'' S'', etc., represent the 
horizontal components of tiiese pulls. Lay 
off from each point S' S'', etc., horizontal 
lines, each equal to FN, and draw through 




the points G' G", etc., thus obtained, a curve. 
It will evidently be similar to that drawn 
through K S' S'', etc., and the line G' E' 
will represent the resultant of the horizon- 
tal load that must be distributed along the 
curve from A to D' ; G'' E'', the resultant 
of the horizontal load between A and D", 
and so on. 
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(Fig. 32) is jeally formed from the pcur- 
allelogram of forces for the arcs AD', etc. ; 



Fig. 81. 







I 
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of the pull at D and E' G' = the resultant 
of the hoTizontal load on A D'. 

As tlie abaciesaa of the curve F G' G", 
ete., increase to the left of F E" from the 
point F to O'' (which correspond to D" on 
the curve), the horizontal load acts outward 
on the arc A D", The abscissas then di- 
minish toG'", Hence between D"andD"' 
I horizontal load must act 
n in {Pig. 31). From G'" 
intil we reach G". 
ontal load acts outward 
mainder of the cord. The 
points n and n' correspond to those arcs oa 
which the resultant of the horizontal load 
is zero. Thus uu the arc A n the negaliu« 
horizontal load is just equal to the positive, 
and hence their sum ^ zero. So on the 
arc A /.'. 

Note that the abBcissas of the curve F G' 
, . . G'' are not the int&iisities of the hori- 
zontal loading, but that each such ab- 
acissa represents the afi/ebraic sum of tho 
entire horizontal load between A and ^le 
point to which the absoisea corrosponds. 
The intensity in question has already been 
abowa to be 



on the curve, 
inwards as shi 
the abscissas 
Hence the h 
throughout the 




ir^ 



In this expression rf H = the difference 
of two neighboring abaciasaa of the curv* 
F G' . . .0' ; BB for instance, rf H = 0' E'— 
Or" E", And dy = Tertical projection of 
the arc D' D" of the cord to which lh» 
above corresponds. 




s imagine the curre of the cord to 
I reversed, and the cord itself t' 

lin metal atrip, which like the 
d shall be practioallj without transverse 
atifiiiesB, but, unlike the cord, ehal! be able 
to reaiat a oompressivo force in the direc- 
tion of its length at every point. Let the 
loads be distributed as heretofore, eccept 
that where there are horizontal componeotft 



of the load, tlies© should act inward, yi 
upon the cord they aoted outward, t 
vice versa. We thea have what ii 
a " linear arch or rib " ; and the cui 
aasuiaed by it will be identical with that A 
the cord under equal and eimilarly distnH 
uted loads. If the loading is chang;ed i 
distribution, the rib will change in 
just as the cord would do under e 
ciroumatanceB. 

In piactic^e there are no " linear arches 
but the diecussion of them enab 
determine the form of c-quilibriuna for » 
aiehea. If we know the form that a lines 
arch would aasume under a given load, ¥ 
can find the "hne of pressures " i 
arch. Thie line and the value of 
tbruate at all its points enable us to soln 
B that arise in arch building. 
, ibr instance, we desire i 
construct an arch to bearaun//br»i verttot 
load, such ns tbat disouBsed in (7a« J 
The shape of the linear rib under euch 4 
load is a parabola. We then as, 

1° Step. Assume this curve for the in 
trados OAB (Fig. 34). If the arub b 



the load be of homogeneous material, the 
shape of the extrados, or outside of the load. 




will ha MTM', the Tertical distance be- 
tween C A and M Y being constant. 

2° Step, la fo determine the depth A L 
of the teyetone. This depth is always 
greater than necessary simply to prevent 
the crushing of the material of the artih 
under the thrust at the crown. Prof. Ean- 
kine'a empirical rule derived from the best 
examples is to make the depth of the Icej- 
stone in feet 




3° Stop. Dstermine whether the "line of 
pressures " can lie In. the " middle third" 
of the ring of vausBoirs. It should be re- 
stricted to the middle third to prevent the 
TousBoLrs tending to open at any of ths 

We can test this as foUowa : 

Suppose the vaussoira to be constant in 
depth all around the arch as in (Fig. 34.) 
Consider any part of the aieh included be- 
tween the vertical plane (A L) at the crowHi 
and a, vertical plane at any other point, M 
D' V. The calculated horizontal thrust 
along the hnear rib, which coincides in 
shape with the soffit C A, is indicated by tha 
arrow with ita head at A. Let the hoi'izon- 
tal thrust of the rib at D' be indicated by 
the arrow with ita head at T>' pointing in 
an opposite direction to that at A. At the 
crown take A K not greater than § A L. 
Imagine a left-handed oou]ile applied to 
AL in the vertical plane of the arch, wh( 
force ^ H = the thrust at A, and w 
lever-arm = A K. Apply an equal 
opposite couple on the plane D' P', with . 
force H', equal to the horizontal thrust 



the rib at D'. Its leTer-arm D'P' must 
then 

_ H AK 

U' 

In the parabola H =H' .-. D' P' = 
A K, These couplea being equal and op- 
posite do not change the conditions of equi- 
librium of the section of the arch L D', but 
they transfer the line in which the thrust 
acta frnni AD' to K P. We can repeat 
the process as often as we choose by taking- 
parta L D", etc. ; and if the curve drawn 
through the points K P' P", ete., lies with- 
in the middle third of the arch-ring, the 
arch is sufGciently stable. 

la the case before ua, the horizontal 
thrust being constant for every point of tho 
rib A, the lever-arms D' P', D" P", etc., are 
also equal, and therefore the " line of pres- 
Bures " K K' is merely the parabola raised 
vertically a distance ^=A K. If K K' does 
not lie in the middle third, a slight increase 
in the voussoirs, especially towards the 
springing, will usually remove the diffi- 
culty. 

4p Step. The joints between the vousBoirs, 
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8uch as D' Ot (Fig. 35) are usually made 
normal to the soffit A 0, but whether this 
be done or not, the direction of G D' must 
be such that at S, where the line of T>res- 
6ures cuts it, the angle included belw'een 




S N (the normal to G D') and S T (the tan- 
gent at S toKK') maybe less than the angle 
of friction of the material of the Youssoirs. 
The best possible direction for the joints 
D' G, etc., would be to make them perpen- 
dicular to K K'. 

The horizontal component of the thrust 
(H) along the curve of pressures in a para- 
bolic arch, is, as we have seen, constant ; but 
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he 



thrust along the curve (T) increases 

riG. 36. 




ftom A to 0, audits value -^ -"Sj^^Jt^ 
!«, determined by the foxmu\» «vv.^ 



I 



Parabolic stone or brick arches are \ 
common, because it is rare to have e 
distribution of the load as that suppa 
above. 

2. But if we reverse the curves disoai 
under Cases 11. and HI., we have i 
of arch much more feei^uentlj applicablfll 

Thus, suppose the arch and its baoU 
to be homogeneous, and that the extrcu 
of this loading is horizontal (MY), and sup- 
pose the action of the load to be entirely 
vertical. Then the arch and its backing 
are similar to the metal sheet and the cord 
discussed in the caees just referred to, and 
therefore the form of the linear rib under 
such a load will be a catenary or trans- 
formed catenary — usually the latter. 

Assume this curve for the sotlit CAB 
(Fig. 36) ; determine the depth A L ; the 
line of the pressures K K' ; and the direc- 
tion of the joints ; as in the last case. In 
this case as in the parabola, H is constant 
and hence the curve of pressures is merely 
the curve C A raided vertically through a dia- 
tanoe '= A K, 

Examplt. Let the data for a requip 
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arch be (Fig. 37) span CB = 10'; rise 
O A = 4' ; height of extrados M Y above 

Fig. 37. 




apringing at C = 10'. Let the arch and 




briekworfe be of solid briebwork vboee 
'weight w per cubic foot = 112 lbs. 

The equation of the transformed csta- 
nary passing this C A B is 

Where 1/0-= A Y ^ 6' (the origin being 

at Y and the asis of abecisaas horizontal). 
First find m, the modulus of the corres- 
ponding common catenary. By Eq. (14.) 



At the point C a:'= 5 ft. aud'y' = 10 ft. 
.-. m=4.Bift. =IN. 

Then determine points of the curve, thus 
for 
a! ^ 1, t/ =^ for -t; = 2, y = for s = 3, jr ^ 

Deacribe the curve through these pointa. 
The thrust at the crown A is (for a unit 
of length of the arch) 



"" J E--E-^ t = 36.32aq. St. 

jht ofloaa AY M O =P == (112) (3S. 33) = 

40(i7.a41bs. 
a Eq. (18) thrust at = T = -^/P'+il* = 
4677.1 IbH. 

i-KL — 



■fcolinfttioiiatO. Twii, = ~^ = ^ 



4 B-^ - B „- J = 1.77. 
.-. i,— 0O°3a'. 
! formula for depth of keystone will 
I Batiafied by making the depth of the 
Ij A L ^ length of one brick = 9", for 
ivea 9" X V^" = ^^^ square inohea 
r the thruat H = 2308.3 lbs., or T= 
Vni.l lbs. The latter is the greatest 
thrust in the arch. 

It la easy to see that K K' will be in the 
middle third, for even at C the distance of 
the point of the curve K K' vertically over 
C, from the nearest point of C A, is approxi- 
mately 

6 X <=•>« (30°-60= 32'] — 5" +. 
■ The txtraioa of the transtbrmed catenary 
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need not be the directrix M T ; it may b< 
another transformed catenary jt>rotm^^^Ae«< 
eatenjaries have the same directrix. 

To illustrate : suppose the weight of f 
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unit of the material between CAB and M" 
:= w. Then the intensity of vertical pressui 




at any pomt G of A B (Fig. J 
toy. If a heavier building material were- 
uaed this vertical pressure could be brought 
upon G by a leaa height of it. Let this 
heavier material have a ■weight per unit ^ 
w' and let 



Then a column of the heavier material 
over G and of a height -= ^ y would give 
the same preasute as the wliole column of 
the lighter, or 

,ry=lwy . . (47.> 

At each point of A B (Fig. 38) lay off" 
two- thirds of the vertical ordinate, and 
through these points draw C"A"B". The^ 
upper surface of the load may have thia 
form, and yet C A B still he the shape of 
the linear arch balanced under the applied 
forces. The equation of C A B being 

that of C" A" B" is evidently 

= iJhL }p.— j-F.-— ( na\ 



The principle of this example Is genet 

When tLe extrados 13 a, transforD 

catenary, note that, smce in all the formid 

under Case III., m ^ the weight corr 

ponding to a unit of surface of the b 

Q A B and II Y, we must make \ 
e formujio 

: weight of the building 1 



In arches of this class no proviBion \ 
needed for horizontal thrust on tli 
drels as the arch is equihbrated under ven 
cal loads alone. 

In all stone or brick arches, the chai 
in the curve of pressures K K' due to pu 
ing loads are usually slight, beoauea t 
weight of such passing loads is genera 
amalt compared with the weight of the a 
itself and its backing. 

3. The simplest practical case in whlolil 
uniform normal load (such as that discusi 
fid in Case I^'.) can be applied to an arch % 
when it vi subjected to water pressure, I 
arch riug beiag horizontal instead of vei 
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ticaL Such a pressure will exist on an 
empty well constructed in a reservoir or 
other body of water (Fig. 39). For each 

Fig. 39. 




I 



horizontal layer of the well wall may be 
considered as subjected to a uniform nor- 
mal pressure of an intensity due to the 



depth of the water at that layer. TIuB 9 
tensity will of couree diminisb (and so n 
the pressure on the wall) from one layer a 
another as we come towards the top. 

The soffit of such a well ehould 
circular from (Case TV]. Tlia tliicknesa q 
the wall at any depth must bo deten 
by the thrust, which is constant a 
any given layer and is 



T=pr 



(« 



Where u- = weight of a unit o; 
and y = depth of water at the layer i 
question. 

In determining the line of praseucsa o 
(dder a section oftha wall between two vej 
tical planes not parallel aa heretofore, bttj 
both norma' to the sofBt. Tate for I 
lever-arm of the couple at A (Fig 3£ 
tance A K = i A L. The Jotce is atU 
to be = U = T. 

At I) apply an equal couple with for 
^ the thrust along the soffit at that poin 
which is also = T=H. Then the lever ai 
must be equal to A K. Hence we see thi 
the curve of presBurea ia a circle parallel b 
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. the soffit and may pass through the mid- 
dle of the arch ring. 
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This kind of arch may be used for dams 
or tiie walls of reservoirs. (See Fig. 40.) 
4. There is no case in ordinary practice 



84 



where the pressures upon an arch are 
strictly identical with those on an elliptical 
cord, for in this case, the pressure must be 
constant in intensity along both the horizon- 
tal and vertical projections of the arch, but 
the intensity along the horizontal must dif- 
fer from that along the vertical in a con- 
stant ratio (Fig. 41). But, as Prof. Ban- 

FiG. 41. 




kine says, the curve of equilibrium for 
the arch of a tunnel through earth, when 
the depth below the surface is great com- 
pared with the rise of the arch itself, ap- 
proximates to an ellipse. 1 
The pressures in a mass of earth are in- 
termediate in character between those ez- 
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tsting in a solid and those in a liquid mass. 
Thus a little cube of earth (Fig. 42) under 
the weight of the superincumbent column 
of earth p, presses downward with a force 



Fig. 42. 




equal to its own weight and that of the 

column above. It also presses out horizon- 

' tally with a force less than this downward 

/brce^ but always bearing a constant ratio 
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to it. If the little cube were solid it would 
have no horizontal push ; if liquid^ that hori- 
zontal push would equal its pressure down- 
ward. If the upper surface of the «arth ia 

Fig. 43. • 




inclined, the outward push which always 
remains parallel to it becomes inclined too, 
and is then " conjugate" to the vertical. 
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If MY (Fig. 43) is the surface of the 
earth, when Y A is great compared ■with 
A 0, then Y A and M C differ so slightly 
that we may aaaume them to be equal. W« 
then have on the arch a uniform vertical 
load whose intensity = 
J), = (Y A) X weight of a nnit of the earth = 

and a horizontal load whose uniform inten- 
Bityp:> is equal to the vertical intensity (/ly) 
multiplied by a constant. Let 



From the discussion of Case V. we see 
that r! must be the ratio of the axes of the 
ellipse to which the pressures are respec- 
tively parallel. Hence if the arch be a 
aemi-ellipse and B be given, we have 



I yiom these data draw the curve of tho 
iiioffit. 
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The thrust along the soffit at A 

= H =^y po = «^yoPo . 
At Cor Bit is Y=px9in 

At other points it may be gotten from e^ 
(27) Case V. 

We can determine the curve of pressures 
by a method similar to that used in the last 
case. Here, however, the curve K K' will 
not be parallel to C A, since the thrusts 
along C A are not constant, but increase 
from A to C. Assume A K (Fig. 44) 

Fig. 44. 
J5 




K' a o js 

= § A L, then the arch must be so propor- 
tioned that K K' shall fall within the mid- 
dle third. 






' If the arch C A B is not to be a semi- 

ellipse (as above aaaumed) but only a seg- 
ment of one, a few trials will enable us to 
get the ellipae from the data already 

The Btrictly true curve of equilibrium 
required by earth prea&ure is the Geostatic 
aroh. 

5. An arch built with the curve diacuHsed 
in Ceue VI., is known as the Hydrostatic 
aroh, from the fact that the loading there 
described is similar to the pressure of water 
npoa a vertical arch. 

For if M T (Fig. 45) be the surface of 

le water, then its pressure on G A B is 
normal and proportioned at each point to 
the depth below M Y. This pressure, as 
has been shown, may be resolved into a 
vertical and horizontal pressure at each 
point, this vertical and horizontal ptesaure 
being equal in intetisUy to each other at 
every point, and also to the normal pressure 
of which tbey are the components. 

The above form of arch may be applied 

(I) To bear the pressure of water or other 
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liquid. Thus in the case of a river tunnc 
(such as those at Chicago) where the top c 




the tunnel is practically on a level with th 
bottom of the river, we might use the hj 
drostatic arch. 
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The equation of the curve is 

yp=yopo. 

The vertical load on the half-arch A B 

= / pdx s= V = tcy I p 1 = thrust along arch at B. 

The horizontal pressure against A B 

^/ViP^y = ^^^^^^ = H = t^o Po . (51) 

The thrust along the arch is constant, or 

T = H = V. 

The rise A (= a), the depth AT 
(= yo)i Aiid the radii at A and B (po and Pi) 
are connected by the following apprpximate- 
equations. The co-ordinates of B being x^ 
andyi, let 

The line of pressures in a hydrostatic arch,, 
since T is constant, is parallel to the soM^ 
as in circular arches. 
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Mcample. — Suppose the span to be 50 1 
(Fig. 46) and the depth A Y = 16 ft. 




Pind first the rise A 0. In Eq. (5w 
^1 Bs 25' yo = 16', and a few trials sho 
that a = rise = 20' about. 

Hence 

p, = 32 J ft. and g, = 14.1 ft. 
With these data describe the curve of t]> 




lifffflt — the radius at any otiier point 
A and B being given by the equatic 




The thrust at 
w = 62.4 Jbs. 



= 32.!-!8 1b3. 



a depth of the arch-ring- 



The rule for the depth of lieyslone in a- 
single arch gtvus 

Depth AL = V^. 11* X ■^-■■J = I'S ft' 

Thia is ample. It only gives about 120' 
lbs. per sf|. in. aa the pressure at the' 
crown. 

T being = H, I 
may be uniform. 

(2) The hydrostatic arch is also used when 
the loading is homogeneous masonry up to- 
the extradoB MY, provided the spancb-ela 
he suited to sustain a horizontal thrust at 
each point of the arch equal to tlie verticaZ 
load at that point. 

As all stone or brick arches sink at the 
^crown when the centres are removed, they 

11 exert at other points an outward bori- 

mtal thrust. N^ow if we assume that thia 



horizontal thrust is at every point equalV 
intensity to tiia vertical loading a.t 1 
point, the wirve of oqailibrium under au^ 
a syfitem of forces is the hyiirostatio oui 
This is the assumed cbnditioa of the fbrO 
acting in the Neuilly aad other bridgsBJ 
this class. 

When the spandrels cannot be made fi 
and solid this form should not be used, \ 
■when they can be, as in the suecoBa 
arches of a. stone bridge, it i» advaatagf 
rather than othertvlae, to have such a tt 
from the atch against the spandrel ; 
the hydroat4,lio curve of given span a 
rise gives a greater 10 (//cr-icu^ than the o 
responding catenary would. 

The catenary needs no resistance i 
the spandrel, being balanced under the w 
tical toad alone. 

Example. — Let the span be 100 ft. &^ 

rise 30 ft. Then tbe depth of loading i 

the crown (^^ A Y, Fig. 4G) will be fouM 

1 from equation 52 

= y. = "i ft. 
Then p, = 91.7 ft. 
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Hence H == wyo Po (putting w = 160 lbs.) 
= 107600 lbs. 
Depth of keystone 



= v. 12 X 91.7 = 3.3 ft. 

This gives a pressure of 32,280 lbs. to the. 
sq. ft., or about 225 lbs. to the sq. in. 

6. If the vertical forces vary as in the 
hydrostatic arch, and the horizontal are not 
equal to them, but differ at each point in a 
constant ratio, the curve of equilibrium 

Fig. 47. 




(Pig. 47) becomes the Geostatic curve dis- 
cussed in C(zse VII. This curve derives its 






•""'"id"''? """"■= .~1 

, Assume a I, 1 " °' 0)8 

. C B ^ P' Bj 

''-"""'•li. a. ™™««1 ,«,.„,,,. 
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and then pass by parallel projections to the 
requireid geostatio arch. 

Equations (35) (36) (37) (38) give the 
values of the quantities needed in discussing 
the Geostatic arch. 




Example 1. — Let the span of the geo- 
ctatic arch (C If = 100 ft) be given; also 
the depth of the loading (A Y = 20 ft.) ; 
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also tho ratio of the pressures (c* == J) ; and 
the weight of a cubic ft of the loading 
= 1^=100 lbs. Whence 

pfy^ = wyo = 2000 lbs. 

Then since 

^ ^ C B' 100 ,^^ , , 
C B = = -r= = 172.4 ft 

cw? = 58 lbs. 
pyo = cp'vo = VT -2000 = 1154.7 lbs. 

We find from equations (52) (53) (54) for 
the hydrostatic arch 

Ei8e=ra = 0A = 57.7 ft 
Po-= 140.93 ft 
Pi = 36.3 ft. 

H = V = T =pyo po = 1154.7 X 140.93 = 162.700 
lbs. nearly. 

In the geostatic arch we have from equa- 
tions (35 (36) (37) and (38) 

Thrast at B = V = V = 162700 lbs. 

" A = H' = c H = 94300 lbs. nearly. 

Po' = 46.97 ft. pi' = 62.65 ft 

Example 2. — Suppose the span = 100 
ft. depth, A Y = yo= 20 ft and rise, a =30 
ft. given ; to find c and thence the hydro^ 
static arch. 



^H From equation (52) we find ^^^^^H 

and thence in same equations x^ ^= 39. 

Hence the epan of the hy drostatlo arcli 
■ = 2j^ = 78 ft. 

HAnd as c.CB = 0' B' 






len proceed as in th.e last example. la 
example the hydrostatio arch ia the 
iller of the two. 
The line of pressures in a geostatic arch 
found as it was in ths elliptic. 
The geostatie is the true curve of equi- 
librium under earth pressure, but when 
A T (Fig. 48) is great compared with A 0, it 
iS^prosimatea the ellipse described through 
le points C A B' as already stated. 
7. ConveaiencB, or other reasons, will 
often dictate the form of the ai-ch without 
reference to the loading, aua again, necea- 
Bily may make the vertical load different 
any and all the cases we have disous- 
In. such instances Case Till, will 
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enable us to determine the oharaoter and 
amount of the horizontal forces which must 
be applied through the resistance of tiie 
spandrel, when once the form of the aich 
and the vertical load are known. 

When the horizontal forces thus required 
are thrusts directed against the arch, it is 




generally possible so to build the spandrel 
that the arch may be secure, but when they 
are'the opposite, or outward puUs on the 
arch, then it is difficult to insure stability, 
as to do so requires tension between the 
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aicli and the spandrel. In such cases it is 
beet to change the form of the arch. 

The diacoasioE of Case VIII, of cords, 
enables us to determine the necessary data 
in the case of similar linear arches under 
similar loads. 

Fig. (50) gives the geometrical uonatruo- 
tion of the triangle of forces at ever; point 
semi-arch A B (Fig. 49). 

We may discuas a given linear arch A B 
a given vertical load, by detenmn- 

1. Thrust at crown ; which is 
H„ =p„p.j. (56} 

2, Total horizontal tjirust refiuired on 
y arc AD', AD", etc. This, from equft- 
a (42), is 

H = Ho -Vfot. I (57) 

r If this be negative the sjiaudrel must exert 
I Apull instead of a thrust. 

On the half-arch A 1) the above equation 
§< becomes 

H, = Bo -T, cot. i,. (58) 

On any arc E D", counting from B up- 
Efrards, the total spandrel thrust is 
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Tl 



_ H, -H= - V, cot. i, + TcDt. i (5S) 
I Thie last expression lias at least one 
■■vlinum value corresponding to some arij 
In the Fig. (49) this value corre- 
tonds to the arc B D'". 
^Let this maximum, value be denoted by 
n and let in ^= the inclination at D'". 



~ V, cot. i, + V cot. im = E'" G'". 

(Fig, 50) (GO) 

" is known as the " point of ruptara." 
Jhere the action of th-e spandrel ceases to 
6 a thruBt, and must, above that point, for 
e distance at least, become tension. 
3. The inttns'i!}/ of the horizontal span- 
drel thrust or pull in any layer (as between 
X>" and D") is from equation (43) 



"rfs ' 



f?(TM 



■1_ 



% 



<ll) 



<iy 



When H ia positive (that is thrust) px if 
negative, as it should be, since it ia equal 
to the incrPvient of the absciaaas of the 
curve F G' G", etc. (Fig. 50}, and these in- 
crements are decreasing from G" to G'. 



At the point of rupture 

p. = 0. (4 

We can determine the point of tuptura I 
three ways : First, by constructing the F 
(50) and finding the inclination (in) oon 
aponding to the maximum abscissa E"' ' 
Secondly, by substituting the various vain 
of i and Y in the value of 

(H, - H) (eq. S9), 
and getting the maximum value of tha cJ 
pression. The i wbioh gives thia maxima 
value corresponds to the point of ruptn 
Thirdly, by solving equation (61) px = 

4. The thrust along the rib at every p 
is irom equation 40, 

T = V oosec i. 
and it is represented by the inclined li 
F 8' F S-, etc.. Fig, (50). 

The horizontal component of thia th] 
is 

H, = V col. i = tlie absoisaiB of K S', eto., 

'which are always equal to H^, the thrusH 
the crown juinits the spandrel thruat ] 
tween A and the point in qnestioa 
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Tnis is evidently a maximum at tbe point 
of rupture, or, since at the point of rupture, 

H = H| — Hmt 



we have 
But 



Hr = Ho - Hi + H 



Ttlt 



Ho — Hi = Vi cot. i, 
. • . Hr = Vi cot. i, + Hm. (64) 

This horizontal thrust of the rib at D'" is 
therefore to be balanced by the horizontal 
reaction of the abutment at B (= Vi cot. ii} 
togther with the resistance of the spandrel 
between B and D"' (= Hm). When the arch 
is vertical at B, Vi cot. ii = 0. 

5. In single arches it is necessary ta 
know the point of application of the result- 
ant of the forces represented by (Vi cot. ^l 
-j- Hm) in order to determine the stability 
of the ' abutments. Take moments with 
reference to the axis of abscissas MY. 
Then if y^ = ordinate of point in question, 
and j/m and yi be the ordinates of D^" and 
B, we have 

Hri/r = (Vi cot. {Jy^ + fydIL 



= (V, cot. ii) y, 4- /^" ypx dy. 
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^•^ tJ^-e neglect the spandrel fo«e,' 



abore 
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D/ff. so far as they affect the stability of the 
abutment. This can be done with safety. 

The line of pressures and depth of key- 
stone are determined as heretofore. 

Exam/pie 1. — ^Let the assumed form of the 
soffit be a semi-circle, and let the loading 
consist of the arch and backing of homo- 
geneous maaoniy carried up to a horizontal 
" extrados" M Y (Fig. 51). 

Place the radius of the arch = r 

Depth AY=ar 
Heaviness of the material = w 

Take the origin of co-ordinates at A and 
express the co-ordinates in terms of the in- 
clination i of the arch as on p. 217 Ran- 
Idn^B C E. 
Then 

Thrust at crown = H., = po Po = {ymr) u = war 
Vertical load on any arc = V = ipr* 

f-x . . COS. i sin. s » ) 
;a + 1) sin. % -^ ^ 

Spandrel thrust on any arc A D 

H = H; - V cot i = icr« 

C . , cos. * f , i COS. I ) 

Ja-(l+a)cos.,-f^p+^— -^^ 
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